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n < k <m, and define the polynomial class
Rl = (P(x); P(x) e WM, P(xi)
Yi,
we determine Pm(X) as the solution of the extremum problem m (2) f (P(n)(x)) 2 dx = minimum for P(x) e Mm I Finally, let S(x) -S 2 ml(X) be the natural spline interpolant of degree 2n -1 of the k points (1). Our main result is Theorem 1.
1.
There is a unique polynomial Po(x) which is the solution of the minimum problem (2).
2.
We have lim Pm(x) = S(x)
uniformly in x e I 'I.
AMS (MOS)
Subject
SIGNIFICANCE AND EXPLANATION
In the finite interval [a,b] we have prescribed abscissae < x 2 < ... < x k and corresponding ordinates Y1,Y2,***y k * Let Sxx) = S2k-1(x) be the natural spline of degree 2n -I that interpolates chose k points. This requires that I < n < k. Furthermore, let m be an integer such that m > k, and let Pm(x) be the polynomial of degree at 
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1.
Introduction. Let the points the polynomial Pm(x) is uniquely defined by
Of course, the existence and uniqueness of Pm(x) is yet to be established.
Our main subject is the behavior of P, 5 (x) as m +-. The statement of our result (Theorem 1 below) requires some known properties of natural spline * interpolation. We describe its definition and the three properties that we * need.
I. Let n be an integer such that
and let S(x) S 2n-I (x) denote a function satisfying the following fouar
conditions:
30
S(x) 6 v Wi in (--.,x I)* and S(x) e -w n-
Then 5(x) is uniquely defined by the conditions 10 to 40.
The function SWx is called the natural spline interpolant of the points (1.1) of degree 2n -1.
I1. If f(x)
e C n-l(1) is such that
then with the equality sign only if f(x) -SWx in I.
-2-III. If f(x) e Cn-1 (I) satisfies (1.8) and (1.9), then
Our main result is Theorem 1. 1. There is a unique polynomial P(x) satisfying (1.6),
where Mn,m is defined by (1.5).
2. We have
In view of the extremum property II of S(x), the limit relation (1.12)
may not seem surprising. Even so it is no immediate consequence and our proof of Theorem 1 occupies the remaining three sections of this note. satisfying (1.6) and (1.5).
Let pO (
x) and pl(x) be two polynomials in IM such that (2.5)
Ividkatly also (2.6) Ptlx) 0 I1 -t)p 0 lx) + tpllx) , 0 < t < 1) and (2.7)
T is a quadratic polynemial in t which is seen to satisfy the equations
Moreover, by (2.7) (2.9)
Let us show that the inequality
is impossible. Indeed, it would imply by (2.8) and (2.9), that 0(t 0 ) ( 0 -for some t o with 0 < t o < 1. But then, by (2.7), we would have f l(n))dx < %,,, contradicting the definition of Mn,m as the minimum.
We must therefore have 
I I
The definition (1.5) of (3.3) ,mn " f ( n ) (x)) 2 dx as a mtni'um, and (3.2), show that (pC) ) _Cm n)() S() 2d IS(x) -P*(x) I ( e and IS n(x) -P*n()
We approximate to S (n) (t) closely by a polynomial p(t), then the polynomial n-i x Al P(x) = S(r)(a)(x -a)r,/rl + (n-11f (x -)n-lp(t)dt 0a will also approximate closely to S(x). Since P C)t) -p(t), the lemma follows.
Lemma 2. Given 6 >0, we can find an m >k, and a P(x) e 1i, such Is (n)(x -P(n)(x)l < 6 for x e I Notice that P(x) e 11 requires that P(xi) -y.This we derive from Let Q(x) e k-1 be such that (iFinally, we define
Notice that S (n ) x) -P(n) (x) -S(n)(x) -pn)(x) + Qln"(x) and therefore (3.13)
At this point observe that by (3.11) we have by Lagrange's formula k II Q(x) = ixllP*lXil yi) and therefore also the inequality (3.14)
By (3.7), (3.13), and (3.14), we conclude that Pm(x) must be an even polynomial, hence P2r+1(x) = P2r(X).
For our examples we choose the simplest such symmetric case, namely 
